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A potential method has been developed for evaluating simultaneously both the average specific resistance and average
porosity of the filter cake formed in unstirred dead-end ultrafiltration of nanocolloids such as bovine serum albumin solu-
tion and silica sol. The method consists of variable pressure filtration followed by constant pressure filtration. The relation
between the average specific cake resistance and the pressure drop across the cake was determined from the evolution of
the filtration rate with time in the course of the variable pressure filtration period, based on the compressible cake filtration
model. The average porosity was evaluated from the significant flux decline caused by a sudden reduction in the cake sur-
face area in the middle of the constant pressure filtration period. The pressure dependences of both the average specific
cake resistance and average cake porosity were obtained from only two runs which differed from each other in the pressure
profiles. VC 2014 American Institute of Chemical Engineers AIChE J, 60: 3869–3877, 2014
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Introduction

Ultrafiltration of nanocolloids, for example, protein solu-
tions and suspensions of nanoparticles, has attracted a con-
siderable amount of attention in such widely diversified
fields as not only chemical processing, and the dairy and
food industry but also nanotechnology, biotechnology, bio-
medicine, drinking water production, treatment of domestic
and industrial effluents, production of water suitable for
reuse, and so on. A dramatic flux reduction observed in
ultrafiltration processes known as membrane fouling is iden-
tified as the dominant feature contributing to deterioration of
ultrafiltration performance. One of the critical factors gov-
erning such membrane fouling may be the buildup of highly
resistant filter cake caused by the accumulation of macroso-
lutes and nanoparticles rejected by the membrane during
ultrafiltration,1–7 in addition to pore constriction and/or pore
blockage within the membrane.8 Therefore, an understanding
of the nature of the filter cake formed on the membrane sur-
face can serve as a basis for clarifying the real mechanism
of ultrafiltration and mitigating the membrane fouling.
Among cake properties, both the average specific cake resist-
ance aav, which is closely connected to the filterability, and
average cake porosity eav, which is related to the cake dry-
ness, are recognized as by far the most important key factors

controlling ultrafiltration behaviors,3,9–12 as is the case with
traditional cake filtration of particulate suspensions.13–16 In
particular, knowledge about dependences of aav and eav on
the pressure drop Dpc across the highly compressible filter
cake, which are obtained from dead-end ultrafiltration tests,
is essential for the design of new and operating existing
ultrafilter equipment.

The relation between aav and Dpc can be generally obtained
from a series of constant pressure filtration tests conducted
under several filtration pressures, or a constant rate filtration
test,17 on the basis of the existing compressible cake filtration
model.18–21 The step-up pressure filtration test in which the
applied pressure is increased incrementally during filtration
can be used as an alternative test procedure for determining
aav as a function of the pressure.22 Variable pressure filtration
tests in which neither pressure nor filtration rate (flux) are
maintained constant can also offer information about the pres-
sure dependence of aav from the monitoring of the filtration
rate vs. pressure characteristics.23 Recently, the single constant
pressure filtration test was developed to employ a filter
medium with an extremely high hydraulic resistance compared
to the resistance of the filter cake formed, resulting in the
observable time variation of Dpc, and thus the pressure
dependence of aav was evaluated over a wide range of Dpc

from only one test.23–25 On the basis of this principle, the sin-
gle step-up pressure filtration test in which the pressure was
increased in stages in the course of filtration was developed to
obtain the pressure dependence of aav of the filter cake formed
in ultrafiltration of nanocolloids over a much wider range of
Dpc from only one test.26
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Also, a technique has been developed for accurately deter-
mining eav in constant pressure filtration on the principle of
a sudden reduction in the filtration area of the cake surface
during the course of filtration.27 In the test, eav was evaluated
based on an abrupt decrease in the filtration rate caused by a
sudden reduction in the cake surface area during the course
of filtration associated with a decrease in the inner cross-
sectional area of the test cell. The method was regarded as a
potential tool for accurately evaluating cake porosity not
only in filtration of particulate suspension27,28 but also in
ultrafiltration of protein solution.3,29 Also in vacuum filtra-
tion, a filter equipped with a floating disk was used to pro-
duce the phenomenon of a sudden reduction in the cake
surface area during filtration.30 A method has been devel-
oped for determining the relation between eav and Dpc by
measuring the variation with time of hydraulic pressure dis-
tributions across the filter cake in step-up pressure filtra-
tion.22 However, the measurement of the hydraulic pressure
is quite laborious and requires much skill. The dependence
of eav on Dpc was evaluated from a step-up pressure filtration
test on the basis of the multistage reduction of the cake sur-
face area during filtration using a filter in which the inner
cross-sectional area decreases with the distance from the fil-
ter medium in stages.31 However, the reliability of this
method for highly compressible cakes is severely decreased
by the consolidation of the preformed filter cake caused by a
sudden reduction in the cake surface area.

Moreover, to our knowledge a filtration testing method
remains to be developed for simultaneously evaluating the
dependences of aav and eav on Dpc from minimal experimen-
tal runs despite the large number of investigations of nano-
colloid ultrafiltration. Therefore, the immediate development
of the method for efficiently analyzing the cake characteris-
tics largely depending on the pressure drop across the cake
has been eagerly anticipated. Knowledge of the cake proper-
ties such as aav and eav serves as a basis for elucidating the
fouling mechanism in ultrafiltration of nanocolloids and has
important implications for the design and operation of indus-
trial ultrafiltration systems worked under a variety of pres-
sure conditions, also contributing to the determination of
optimum pressure conditions.

In the present article, a potential method is explored for
simply and accurately evaluating both the average specific

resistance aav and average porosity eav of filter cake formed
in dead-end ultrafiltration of nanocolloids as functions of the
pressure drop Dpc across the filter cake from only two runs.
The method is based on variable pressure filtration followed
by constant pressure filtration associated with a sudden
reduction in the cake surface area during the course of filtra-
tion. The effect of pressure on aav can be determined from
the flux decline behavior controlled by time-dependent pres-
sure during the variable pressure filtration period, and eav

corresponding to a constant pressure can be evaluated from
the flux decline behavior in the constant pressure filtration
period. The method can accurately evaluate the pressure
dependence of both the average specific cake resistance and
average cake porosity over wide pressure ranges from only
two sets of filtration tests. This advantage of the method is
substantiated from a comparison with a series of conven-
tional constant pressure filtration tests in which the filtration
area are suddenly reduced during filtration.27

Experimental

Materials

The solutes used in the experiments were bovine serum
albumin (BSA) (Fraction V, Sigma-Aldrich, Japan) with a
molecular weight of about 67 kDa and an isoelectric point of
about pH 5.1 and silica sol (Snowtex(ST)-XS, Nissan Chem-
ical Industries) with a nominal mean diameter of 6.4 nm.
The values of the density qs of solutes were 1364 and
2150 kg/m3 for BSA molecules and silica particles, respec-
tively.32 The particle-size distribution of silica sol was meas-
ured by a dynamic light scattering (DLS) photometer (DLS-
8000, Otsuka Electronics), resulting in the mean specific sur-
face area size of 4.8 nm.

Dilute aqueous colloids were prepared by dispersing pre-
weighed quantities of the solutes or solutions in ultrapure,
deionized water (resistivity of at least 18 MX cm) prepared
by purifying tap water through ultrapure water systems
equipped both with Elix-UV20 and with Milli-Q Advantage
for laboratory use (Millipore). In the BSA solution make-up,
the pH was adjusted to 5.1 of the isoelectric point by adding
small amounts of 0.1 M NaOH or HCl. The BSA concentra-
tion by weight was adjusted to 5.0 3 1023 and the concen-
tration of silica sol was kept at 0.01 and 0.03.

Experimental apparatus and technique

An unstirred batch filtration cell with an effective mem-
brane area of 24.63 cm2 was used in this research and the
experiments were carried out in the dead-end mode. To eval-
uate the average porosity eav of the filter cake, the filtration
area was suddenly reduced from 24.63 to 4.65 cm2 by con-
structing the orifice structure at the distance h of 0.43 mm
from the membrane surface, as shown in Figure 1. In the
experiments, the applied filtration pressure was adjusted
automatically by a computer-driven electronic pressure regu-
lator by applying compressed nitrogen gas and was increased
in accordance with

p5p11 pmax 2p1ð Þ h
hc

� �q

; h � hc (1)

where p is the applied filtration pressure, p1 is the initial fil-
tration pressure, pmax is the final filtration pressure, h is the
filtration time, hc is the filtration time when operation moves
from variable pressure to constant pressure filtration, and q

Figure 1. Schematic view of filtration cell used in this
research.
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is the parameter controlling the rate of increase in the filtra-
tion pressure. To examine the influence of rising behaviors
of applied filtration pressure in the variable filtration period
on the pressure dependence of aav obtained, 4.0, 1.0, and
0.25 were selected as the values of q and the corresponding
time-dependent pressure profiles are illustrated in Figure 2.
Depending on the filterability of nanocolloids, the values of
hc were set to 5 and 3 h for BSA solution and silica sol,
respectively. Once the filtration pressure p was at its peak,
pmax, at the time hc, constant pressure filtration was contin-
ued at the pressure of pmax. Asymmetric regenerated cellu-
lose ultrafiltration membranes (Millipore) with a nominal
molecular weight cutoff of 10 kDa were used to ensure the
complete rejection of both solutes.

The filtrate was collected in a reservoir placed on an elec-
tronic balance (Shimadzu) connected to a personal computer
to collect and record mass vs. time data during the filtration
test. The weights were converted to volumes using density
correlations in order to determine the relation between the
cumulative filtrate volume v per unit effective membrane
area and the filtration time h and thus the relation between
the filtration rate (dv/dh) and v (or (dv/dh) and h).

For comparison, a series of constant pressure filtration
tests were performed under different filtration pressure con-
ditions ranging from 49 to as high as 490 kPa, using the
same filter as that used in variable pressure filtration tests
developed in this research.

Results and Discussion

Flux decline behaviors

Typical data of variable pressure filtration examined in
this study are plotted in Figure 3 in the form of the recip-
rocal filtration rate (dh/dv) against the cumulative filtrate
volume v per unit effective membrane area. It should be
noted that the term (dh/dv) is a measure of the total filtra-
tion resistance Rt, as described by Darcy’s law in the
form33

1

u1

5
dh
dv

5
lRt

p
(2)

where u1 is the filtration rate and l is the viscosity of the
filtrate.

Starting with an initial pressure p1 of 10 kPa, the applied fil-
tration pressure is increased to the final pressure pmax of 98
kPa during the variable pressure filtration period of the first
stage. The rise in the pressure is controlled according to Eq. 1
in which hc 5 5 h and q 5 4.0. The pressure is then maintained
at pmax and thus constant pressure filtration follows variable
pressure filtration. The value of the cumulative filtrate volume
per unit effective membrane area, vc, at the transition point
from variable pressure to constant pressure filtration is
0.82 cm, as shown in the figure. The variation of dh/dv with v
depends critically on the increase both in the cake resistance
and the filtration pressure as the driving force in filtration dur-
ing the variable pressure filtration period. The increase in the
cake resistance with the progress of filtration accelerates the
flux decline, whereas the increase in the pressure enlarges the
flux. Initially, dh/dv increases with v, largely influenced by the
increase in the cake resistance because the pressure increase is
not so marked in the first portion of filtration. However, as
variable pressure filtration proceeds, dh/dv signifies a slight
decline owing to a rapid increase in the pressure.

In this study, the compressible cake filtration model is of
use in the description of the dead-end ultrafiltration behav-
iors and in the evaluation of the properties of the filter cake
exhibiting compressible behavior. Basically, the compressi-
ble cake filtration model can adequately describe the increase
in the hydraulic resistance to flow caused by the cake
buildup during the course of dead-end ultrafiltration, implic-
itly assuming that all the colloidal particles convected toward
the membrane accumulate on the surface in dead-end ultrafil-
tration.11 Therefore, the temporal behavior of the hydraulic
resistance attributed to the developing filter cake can be
evaluated from the relation between the filtration rate and
the applied filtration pressure. According to the compressible
cake filtration model, the evolution of the filtration rate with
v is described by23,34

1

u1

5
dh
dv

5
laavqs

p 12msð Þ v1
lRm

p
(3)

Figure 2. Rising patterns in pressure in variable pres-
sure filtration period.

Figure 3. Relation between reciprocal filtration rate
and filtrate volume per unit effective mem-
brane area in ultrafiltration of BSA solution.
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where aav is the average specific cake resistance, which is
the quantitative measurement of the filterability of the col-
loids, q is the density of the filtrate, s is the mass fraction of
solutes in the solution, and m is the ratio of the mass of wet
to mass of dry cake. The latter is related to the average
porosity eav in the filter cake by14

m511
qeav

qs 12eavð Þ (4)

In Eq. 3, Rm is the hydraulic resistance provided by the
membrane and is given by26

Rm5
p1

l
dh
dv

� �
m

(5)

where (dh/dv)m is the reciprocal filtration rate at the begin-
ning of filtration when no cake is present.

The effective pressure drop Dpc across the filter cake is
written as

Dpc5p2Dpm5p2lRmu1 (6)

where Dpm is the liquid pressure drop across the membrane.
Eliminating Rm in Eq. 6 by means of Eq. 5 leads to

Dpc5p2
dh=dvð Þm
dh=dvð Þ p1 (7)

Consequently, if the pressure dependence of m in Eq. 3
(or eav in Eq. 4) is known, then the use of Eqs. 3 and 7 per-
mits the calculation of the relation between aav and Dpc on
the basis of the value of instantaneous reciprocal filtration
rate (dh/dv) for a given v-value during variable pressure fil-
tration. If the term (1 2 ms) is approximated by unity in fil-
tration conducted with dilute solutions, Eq. 3 reduces to

1

u1

5
dh
dv

5
laavqs

p
v1

lRm

p
(8)

In that case, it is possible to evaluate the relationship of
aav on Dpc readily from Eqs. 7 and 8 without information
about the cake dryness.

As shown in Figure 3, dh/dv varies linearly with v once
filtration progresses under the constant pressure condition of
pmax. In the case of constant pressure filtration, Eq. 3 takes
the familiar form

1

u1

5
dh
dv

5
2

Kv

v1
lRm

p
(9)

where Kv is the Ruth coefficient of constant pressure filtra-
tion defined as35

Kv5
2p 12msð Þ

lqsaav

(10)

The term Kv is viewed as constant in constant pressure fil-
tration with negligible resistance of the membrane compared
to the cake resistance, suggesting that the pressure drop Dpc

across the cake is approximated by the applied pressure p. It
is possible to obtain the dependence of aav on Dpc from the
data points of dh/dv vs. v also in the constant pressure filtra-
tion period of the second stage in the same way as variable
pressure filtration period of the first stage. However, it can
be also determined directly from the slope of the linear rela-
tionship between dh/dv vs. v using Eqs. 9 and 10.

Subsequently, the moment the surface of the filter cake
reaches to the position where the inner cross-sectional area

of the filtration cell cylinder is reduced abruptly, the filtrate
flow rate drops off dramatically due to the substantial
decrease in the surface area of the growing filter cake. As a
consequence, the plot of dh/dv against v deviates markedly
from the previous linear relationship under the constant pres-
sure condition after v is beyond the critical value vt of
1.19 cm in this case, and dh/dv undergoes a more rapid
increase, as shown in Figure 3. With the use of the value of
vt thus obtained, the average porosity eav of the filter cake
corresponding to a constant pressure of 98 kPa can be calcu-
lated by writing the following overall mass balance of dead-
end filtration in which the total mass of colloid is equal to
the sum of the mass of cake and the mass of filtrate

qsh 12eavð Þ
s

5 qsh 12eavð Þ1qheavf g1qvt (11)

Equation 11 is rewritten as

eav5
qsh 12sð Þ2qsvt

qsh 12sð Þ1qsh
(12)

where h is the distance from the membrane surface to the
position where the filtration area is reduced, and is equal to
the cake thickness when v reaches vt.

The applied filtration pressure p varies with the pro-
gress of filtration during variable pressure filtration period.
To distinguish the variation of the specific cake resistance
aav with p during variable pressure filtration period in the
plot of flux decline data, Eq. 3 is advantageously rewrit-
ten as

p
1

u1

� �
5p

dh
dv

� �
5

laavqs

12msð Þ v1lRm (13)

Figure 4 represents dh/dv multiplied by p against v based
on the experimental data presented in Figure 3. The value of
p(dh/dv) increases monotonically with increasing v during
the variable pressure filtration period in sharp contrast to the
plot shown in Figure 3, suggesting that the average specific
cake resistance gradually increases corresponding to the

Figure 4. Relation between reciprocal filtration rate
multiplied by applied filtration pressure and
filtrate volume per unit effective membrane
area in ultrafiltration of BSA solution.

3872 DOI 10.1002/aic Published on behalf of the AIChE November 2014 Vol. 60, No. 11 AIChE Journal

 15475905, 2014, 11, D
ow

nloaded from
 https://aiche.onlinelibrary.w

iley.com
/doi/10.1002/aic.14601 by T

am
kang U

niversity, W
iley O

nline L
ibrary on [18/04/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



increase in the filtration pressure with the progress of vari-
able pressure filtration.

Pressure dependences of aav and eav in filter cake

It is well known that the average specific resistance aav

and average porosity eav of the filter cake are substantially
dependent on the pressure drop Dpc across the cake accord-
ing to the compressible cake filtration model.18–21,25

Recently, the model has been utilized in order to elucidate
the mechanism of dead-end ultrafiltration.3,4,9 Several empir-
ical expressions have been available to represent aav as a
function of Dpc for compressible filter cake. Typical avail-
able expressions are as follows26

aav5a1Dpc
n1 (14)

aav5
a0 12n2ð Þ Dpc=pa1ð Þ
11Dpc=pa1ð Þ12n2 21

(15)

aav5a1 11
Dpc

pa2

� �n3

(16)

where a1, a0, a1, pa1, pa2, n1, n2, and n3 are the empirical
constants. Equation 14 describes the linearity in the logarith-
mic plot of aav vs. Dpc, and the local specific cake resistance
a is assumed constant below some low pressure pi.

14,36

Equations 15 and 16 can fit the experimental data more
accurately over a wide range up to extremely low pressures
and can describe similar curves of aav vs. Dpc.

3,18 Also, for
the solidosity (volume fraction of solids) (1 2 eav) of the fil-
ter cake, the similar functions can be empirically applied as
follows37

12eav5 12e1ð ÞDpc
b1 (17)

12eav5
12e2ð Þ 12n22b2ð Þ 11Dpc=pa1ð Þ12n2 21

n o

12n2ð Þ 11Dpc=pa1ð Þ12n22b2 21
n o (18)

12eav5 12e3ð Þ 11
Dpc

pa2

� �b3

(19)

where e1, e2, e3, b1, b2, and b3 are the empirical constants. It
should be noted that pa1 in Eq. 15 and pa2 in Eq. 16 are
identical to pa1 in Eq. 18 and pa2 in Eq. 19, respectively.37

In this research, Eqs. 16 and 19, which can fit closely with
the experimental data by simpler expressions, are used to
represent aav and (1 2 eav) as functions of Dpc.

Figure 5 illustrates the flow diagram of the model algo-
rithm used in calculating the parameters in Eqs. 16 and 19
from the experimental data. Initially, the relation between
aav and Dpc is obtained from the data of dh/dv vs. v using
Eqs. 7 and 8, and the adjustable parameters of a1, pa2, and
n3 in Eq. 16 are determined by fitting to the aav vs. Dpc

data. Subsequently, two pairs of data points of (1 2 eav) vs.
Dpc are obtained from two experiments conducted under dif-
ferent values of the applied pressure in the later constant
pressure period, and one can calculate the values of e3 and
b3 in Eq. 19 because the value of pa2 in Eq. 19 is previously
obtained in determining the relational expression of aav vs.
Dpc given by Eq. 16. Next, the relation between aav and Dpc

is modified according to Eqs. 3, 4, and 7 taking the cake
porosity into account, and the relational expression between
eav and Dpc is also recalculated on the basis of the value of
pa2 newly obtained. Such an iterative calculation is repeated
until the value of aav corresponding to each Dpc coincides

within the range of predetermined accuracy before and after
the calculation of one loop.

It should be noted that at least two experimental runs are
necessary to determine the pressure dependence of eav

because eav corresponding to the final filtration pressure pmax

can be determined from an experimental run. Figures 6 and
7 illustrate the dependences of aav and (1 2 eav) on Dpc

obtained from two experiments conducted under the condi-
tion that p1 5 10 kPa and pmax 5 98 kPa and the condition
that p1 5 49 kPa and pmax 5 490 kPa. Plots shown in Figure
6 are obtained using the aforementioned method in consider-
ation of the cake porosity eav (i.e., the ratio of the mass of
wet to mass of dry cake, m) shown in Eq. 3. The plots are
essentially identical (within 2.4–7.4%) to those obtained
directly from Eq. 8 in place of Eq. 3 without the necessity
of using the values of the cake porosity eav, although the lat-
ter are not shown in the figure in order to avoid the overlap
of plots. The specific cake resistance aav is determined over
a wide range of pressures from a low of 2 to a high of 490
kPa. Data indicate that the increase in Dpc results in an
increase in aav and a decrease in eav. It is found that the log-
arithmic plot of aav vs. Dpc shows a linear relationship at
pressures over more than approximately 40 kPa. Below that
pressure the plots are concave upward. The solid curves in
Figures 6 and 7 are the calculations obtained using Eqs. 16
and 19, respectively, and are fairly consistent with the exper-
imental data over the entire pressure range. For comparison,

Figure 5. Flow diagram of model algorithm used in cal-
culating parameters in Eqs. 16 and 19 from
experimental data.
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the plots are included in the graphs for the data obtained
from a series of constant pressure filtration experiments con-
ducted at different pressures (from 49 to 490 kPa) and are in
excellent agreement with those obtained from the method
presented in this study for the straight-line portion of the
logarithmic plots in the relatively high pressure region. It is
interesting to note that the pressure dependence of both aav

and eav in the filter cake are accurately determined from only
two experimental runs according to the method developed
here.

The influence of rising behaviors of applied filtration pres-
sure in the variable pressure filtration period on the experi-
mental result, particularly the pressure dependence of aav, is
examined for three patterns illustrated in Figure 2 and the
results are illustrated in Figure 8 in the form of aav against
Dpc. In either experiment, the filtration pressure is increased
from the initial pressure p1 of 10 kPa to the final pressure
pmax of 98 kPa for 5 h. But, the rising rate in the pressure

differs from pattern to pattern by assigning 0.25, 1.0, or 4.0
to q in Eq. 1. With q 5 4.0, the dependence of aav on Dpc is
obtained up to the lower pressure range because the rising
rate in the pressure is more gradual in that pressure range. It
would be, therefore, recommended to increase the filtration
pressure as slow as possible in the very early stage of vari-
able pressure filtration in order to determine the values of
aav in a wide range of pressures. Accordingly, the experi-
ments are carried out under the condition that q 5 4.0, except
for the results shown in this figure.

Contrary to the two experiments shown in Figures 6 and
7, another two experiments are conducted under the condi-
tion that p1 5 10 kPa and pmax 5 20 kPa and the condition
that p1 5 49 kPa and pmax 5 294 kPa, in order to establish
the criterion of selecting the pressure conditions in this
method. The results are provided in Figures 9 and 10.

Figure 6. Pressure dependence of average specific
cake resistance in ultrafiltration of BSA
solution.

Figure 7. Pressure dependence of average cake solid-
osity in ultrafiltration of BSA solution.

Figure 8. Influence of rising rate in pressure in variable
pressure filtration period on pressure depend-
ence of average specific cake resistance in
ultrafiltration of BSA solution.

Figure 9. Pressure dependence of average specific
cake resistance obtained from variable pres-
sure filtration data that are different from
those shown in Figure 6.

3874 DOI 10.1002/aic Published on behalf of the AIChE November 2014 Vol. 60, No. 11 AIChE Journal

 15475905, 2014, 11, D
ow

nloaded from
 https://aiche.onlinelibrary.w

iley.com
/doi/10.1002/aic.14601 by T

am
kang U

niversity, W
iley O

nline L
ibrary on [18/04/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



Figure 9 illustrates the relation between aav and Dpc. The
solid lines in the figure are the calculations fitted to the
experimental data using Eq. 16. In contrast, the dotted line
in Figure 9 is the calculations shown in Figure 6. Both cal-
culations are reasonably in step with each other. Also con-
cerning the relation between (1 2 eav) and Dpc, similar
results are obtained, as depicted in Figure 10. This indicates
the high accuracy of the method for determining the depend-
ence of aav and (1 2 eav) on Dpc presented in this study. In
addition, an important point to note is that the values of the
two final pressures used in the two experiments should be
dramatically different in order to obtain the experimental
data of (1 2 eav) vs. Dps over a wide range of pressures.

Effect of feed concentration on cake properties

To ascertain the effect of feed concentration on filtration
behaviors, nanocolloid of silica sol is selected as a test sam-
ple solution as silica sol can be prepared at a much higher
concentration than BSA solution. Figures 11 and 12 show
the dependences of aav on Dpc at the mass fractions s of
0.01 and 0.03, respectively. The filled circles in both figures
are the calculations obtained using Eq. 8 in place of Eq. 3
on the assumption that the term (1 2 ms) is approximated by
unity, while the open circles are the calculations obtained
using Eq. 3 in consideration of the accurate values of
(1 2 ms). The solid and dotted curves are the calculations fit-
ted to the open and filled circles using Eq. 16, respectively.

The solid curve lies below the dotted curve for each con-
centration as the values of aav decrease by considering the
accurate values of (1 2 ms), and this tendency is marked par-
ticularly at low pressures. If (1 2 ms) term is neglected, there

Figure 10. Pressure dependence of average cake solid-
osity obtained from variable pressure filtra-
tion data that are different from those
shown in Figure 7.

Figure 11. Pressure dependence of average specific
cake resistance in ultrafiltration of silica sol
at mass fraction of 0.01.

Figure 12. Pressure dependence of average specific
cake resistance in ultrafiltration of silica sol
at mass fraction of 0.03.

Figure 13. Pressure dependence of average cake solid-
osity in ultrafiltration of silica sol at mass
fractions of 0.01 and 0.03.
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are clear differences between the values of aav obtained by
Eqs. 3 and 8 when the feed concentration is high. However,
if (1 2 ms) term is included in the calculation, the measured
aav values are not impacted by the feed concentration, as is
obvious from the comparison of the open circles shown in
Figures 11 and 12. This indicates that it is necessary to mea-
sure the pressure dependence of (1 2 eav) in order to accu-
rately determine the dependence of aav on the pressure.

Figure 13 compares the dependences of (1 2 eav) on Dpc

for silica sol at mass concentrations of 0.01 and 0.03. The
open and filled data points in the figure represent the results
for mass concentrations of 0.01 and 0.03, respectively. It is
also found that the plots give close agreement with each
other independent of the values of the solution concentration
tested, as in the case of the relation between aav and Dpc.
The solid and dotted lines are fits to the open and filled data
points obtained using Eq. 19, respectively.

Conclusions

Variable pressure filtration followed by constant pressure
filtration, in sequence, was accomplished in the dead-end
mode by filtering nanocolloids with an ultrafiltration mem-
brane using a filter in which the filtration area was suddenly
reduced, in order to determine the cake properties of nano-
colloids in membrane filtration. The flux decline behaviors
during the variable pressure filtration period of the preceding
stage in filtration were utilized to obtain the relation between
the average specific cake resistance and the pressure drop
across the cake on the basis of the compressible cake filtra-
tion model. Subsequently, the average cake porosity corre-
sponding to the applied filtration pressure during the
constant pressure filtration period of the later stage was eval-
uated from an abrupt flux decline brought about by the effect
of a sudden reduction in the surface area of the filter cake
during the course of filtration. Only two sets of filtration
tests enabled us to accurately evaluate the pressure depend-
ence of both the average specific cake resistance and average
cake porosity over wide pressure ranges. More accurate val-
ues of the average specific cake resistance were determined
with the aid of the pressure dependence of the average cake
porosity. The results derived from the method developed in
this research were compared with constant pressure filtration
data collected for a variety of filtration pressures using a fil-
ter equipped with the structure of the sudden reduction in
the filtration area, excellent agreement being observed.
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Notation
a0 = empirical constant in Eq. 15, m/kg
a1 = empirical constant in Eq. 16, m/kg

(dh/dv)m = reciprocal filtration rate at beginning of filtration, s/m
h = distance from membrane surface to position where filtration

area is reduced, m
Kv = Ruth coefficient of constant pressure filtration, m2/s

m = ratio of mass of wet to mass of dry cake

n1 = empirical constant in Eq. 14
n2 = empirical constant in Eq. 15
n3 = empirical constant in Eq. 16

p = applied filtration pressure, Pa
pa1 = empirical constant in Eq. 15, Pa
pa2 = empirical constant in Eq. 16, Pa
pi = some low pressure below which local specific cake resist-

ance a is kept constant, Pa
pmax = final filtration pressure, Pa

p1 = initial filtration pressure, Pa
q = exponent in Eq. 1

Rm = hydraulic resistance of membrane, m21

Rt = total filtration resistance, m21

s = mass fraction of solutes in colloid
u1 = filtration rate, m/s

v = cumulative filtrate volume per unit effective membrane area,
m3/m2

vc = cumulative filtrate volume per unit effective membrane area
at transition point from variable pressure to constant pres-
sure filtration, m3/m2

vt = cumulative filtrate volume per unit effective membrane area
collected until filter cake surface reaches reduced surface,
m3/m2

Greek letters

a = local specific cake resistance, m/kg
aav = average specific cake resistance, m/kg
a1 = empirical constant in Eq. 14, kg2n121m11n1 s2n1

b1 = empirical constant in Eq. 17
b2 = empirical constant in Eq. 18
b3 = empirical constant in Eq. 19

Dpc = pressure drop across filter cake, Pa
Dpm = liquid pressure drop across membrane, Pa
eav = average porosity of filter cake
e1 = empirical constant in Eq. 17
e2 = empirical constant in Eq. 18
e3 = empirical constant in Eq. 19
h = filtration time, s

hc = filtration time when operation moves from variable pressure to
constant pressure filtration, s

l = viscosity of filtrate, Pa s
q = density of filtrate, kg/m3

qs = density of solutes, kg/m3
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